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Abstract. A new approach is proposed, extending the concept of geometric 
phases to adiabatic open quantum systems described by density matrices (mixed 
states) . This new approach is based on an analogy between open quantum systems 
and dissipative quantum systems which uses a C*-module structure. The gauge 
theory associated with these new geometric phases does not employ the usual 
principal bundle structure but a higher structure, a categorical principal bundle 
(so-called principal 2-bundle or non-abelian bundle gerbes) which is sometimes a 
non-abelian twisted bundle. The need to site the gauge theory in this higher 
structure is a geometrical manifestation of the decoherence induced by the 
environment on the quantum system. 



1. Introduction 

Since the pioneering work of Berry [1] concerning the adiabatic dynamics of a closed 
two-level system, several types of geometric phases for quantum systems have been 
studied, including non-abelian geometric phases [2] , nonadiabatic geometric phases [3] , 
geometric phases associated with noncyclic evolution U , geometric phases associated 
with the Floquet theory [5] , and geometric phases associated with resonances [H [71 18] . 
The geometric structures within which the Berry phases arise have also been studied, 
e.g., the line bundle associated with an abelian Berry phase [5], the principal bundle 
associated with a non-abelian Berry phase [2], and the composite bundle associated 
with a Berry phase which does not commute with the dynamical phase [lOl [TTJ [12] . 
These geometric phase phenomena are related to pure states ip (vectors in a Hilbert 
space T-L) governed by the Schrodinger equation = H(t)'ip{t) (where H G ^{TL) is 
the Hamiltonian, which is selfadjoint for the closed quantum systems but not for the 
dissipative quantum systems). The open quantum systems |13[ I14[ [T5] are described 
by mixed states (density matrices p £ 'C('H), = p, p > and tr>^ p = 1) which 
are governed by a Lindblad equation — C{p) (where the Lindbladian C is often 
written in the standard form: C{p) = [h, p] - + iV'pTl , h,r'' e C{n), 

{., .} being the anticommutator). Four approaches have previously been proposed to 
extend the concept of the geometric phases to open quantum systems. Uhlmann's 
approach [161 [HI [HI [H] is based on the purification of mixed states; since a purified 
state is Hilbert-Schmidt, we can use the definition of the geometric phases for vectors 
of a Hilbert space. The second approach [20] is based on the decomposition of mixed 
states into convex combinations of pure states. As the geometric phase associated 
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with a pure state is the holonomy of the natural connection of a universal bundle 
over a complex projective space, this generalization to mixed states is obtained by 
considering the natural connection of the bundle induced by the convex combinations. 
The third approach due to Sarandy and Lidar [3TJ [51] is based on the fact that in 
finite dimension (dimH = n) the reduced density matrices p — In are Hilbert-Schmidt. 
Thus the Lindblad equation can be considered as a Schrodinger equation in a n^- 
dimensional Hilbert space and we can use the definition of the geometric phases for 
vectors of a Hilbert space. The last approach, due to Sjoqvist et al. [SSlEl], is based 
on the introduction of a notion phase for evolving mixed states in interferometry. 
This method is generalized and extended to a nonunitary evolution via a purification 
method. 

In this paper we propose another approach to define the geometric phases of an open 
quantum system based on an analogy between open and dissipative quantum systems. 
This approach uses the identification of a mixed state with a "norm" in a C* -module 
(see for example ref. [15]). This identification provides a new interpretation of the 
geometric phases of open quantum systems. The geometric structure in which this new 
kind of geometric phase is sited is not a principal bundle (as used for the geometric 
phases of a closed quantum system) but a higher gauge structure, a nonabelian bundle 
gerbes [26l [27l [28] or equivalently a principal 2-bundle [29l [SO] [31] , i.e. a categorical 
generalization of a principal bundle. The higher degree in the gauge theory seems to be 
a manifestation of the decoherence induced by the environment on which the quantum 
system is open. In previous works, we have already shown that such a higher degree 
arises for geometric phases of some quantum systems which are described by pure 
states but which present a kind of decoherence process due to resonances crossings [8] 
or to the use of the adiabatic Floquet theory [35] . 

Section 2 is a brief review concerning geometric phases of closed and dissipative 
quantum systems. In section 3, we develop an analogy between dissipative quantum 
systems and open quantum systems, which allows us to introduce in section 4 a new 
kind of geometric phase for open quantum systems and its related geometric structure. 
Section 5 presents the adiabatic approximation for open quantum systems from the 
viewpoint of the geometric phase approach introduced in section 4. Section 6 presents 
a very simple example: the control of a qubit subjected to a decoherence process. For 
the sake of simplicity the present paper focuses on finite dimensional open quantum 
systems. 



2. Geometric phases of closed and dissipative quantum systems 

2.1. Geometric phases of closed quantum systems 

Let {T-L, H[x), M) be a quantum dynamical system, where H is an Hilbert space 
representing the quantum states space (for the sake of simplicity we suppose a finite 
dimensional Hilbert space, dimH = n), M B x t-^ Hix) G 'C(H) is a continuous family 
of self-adjoint operators representing the driven Hamiltonian, and M is a C°°-manifold 
representing the space of all possible configurations of the external classical parameters 
controlling the quantum system. A given dynamics is generated by a control parameter 
evolution 1 1— > x{t) as being the solution of the Schrodinger equation: 

^ H{x{t))m m ^i^o^H (1) 
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Let {J7"}a be a good open cover of M (a set of contractible open sets such that 
[/" = M). Let M ^ X ^ e{x) e M be a continuous eigenvalue of H{x) 
supposed non-degenerate and U" 9 a; i— > 4''^{x) & Hhc the associated (locally defined) 
continuous normalized eigenvector (the eigenvector is only locally defined because in 
many cases there do not exist eigenvectors continuously extendable on the whole of 
M). 

VxGt/", H{x)^'^ix) =e{x)q>'^{x) (2) 

If we suppose that ipiO) = cf>"{x{0)) and that the evolution t t-^ x{t) is slow with 
respect to the quantum proper time of state transition, i.e. 

V/ e Sp{H) \ {e},V0/ G ker(i/ - fin) 

iM-mj^M-m = — e(.(0) - f{x{t)) — " ° 

(note that this requires a gap condition \e{x{t)) — f{x{t))\ > 0, Vi, V/ £ Sp(iJ) \ {e}), 
then the wave function is 

^P{t) ~ e-*''"' J'o '=(^(*'»'^*'e"-''-w'c^°^;^(a;(t)) (4) 

where C is the path in M drawing hy 1 1^ x{t) and 

A" = (dd./);?) G l^i(?7",iR) (5) 

is the generator of the geometric phase [d is the exterior derivative of M and f2" (A/, iM) 
is the set of pure imaginary valued differential n- forms of M). We have supposed 
that C is completely included in J7". Equation Q is called the adiabatic transport 

formula, e^*'' -^o is called the dynamical phase and e •'^<''' is the geometric 

phase which depends only on the shape of C in M and not on the time duration. 

By construction the wave function ip{t) ~ e ■'^("^c (j)'^{x{t)) satisfies the parallel 

transport condition {'i>{t)\ '''^}p ) = 0. 

If C crosses several charts of we have 

. . .5« (a;« ) e"^==«' c 0^ (x(i ) ) (6) 

where t/", ^ ...,U^,U^ are the different charts crossed by C, x"^ is an arbitrary point 
in i7" n n C and .g"'^(a;) G Uil) is defined by 

yxeU'^nU^ 0f(a;) =.g"^(x)C(x) (7) 

(since over Ci , t^" and 0^ are two normalized eigenvectors of the same non- 
degenerate eigenvalue, they differ only by a phase factor g"^). The formula of the 
geometric phase is independent of the arbitrary choices of transition points {x"^}a,(; 
[33] . The transition functions g"'^ satisfy the cocycle relation: 

Va- G [/" n C/'' n [/^ g"''(a;)/''(x)g^"(x) = 1 (8) 

which is required in order to have a single valued eigenvector 0" = g"^ g^'^ g^"(j)^ . 

As pointed out by Simon [9] the geometric phase is associated with the horizontal 
lift of C in P the principal f/(l)-bundle over M defined by the transition functions 
g"^ and endowed with the connection having A" as gauge potential (see ref. [31] for 
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an exposition of the principal bundle theory). If the path C is closed, we have at the 
end T of the evolution 

V'(r) ~ e^^'"'"' ^("(*'»'^*'hol(C)(/):^ (x(0)) (9) 

where hol(C) is the holonomy of the horizontal lift of C in P which (if C C C/") is 

ho\{C)^eJcA" (10) 

The geometry of the principal bundle P is characterized by the curvature F — dA"' G 
fi2(Af, iR) which satisfies dF = (since dA" = dA^ for aU x ^VfiUf^ the curvature 
F is globally defined). 

We now suppose that Ca is a m-fold degenerate eigenencrgy on the whole of M . 
Let (j}a=i....,m be an orthonormal basis of continuous associated eigenvectors. If 
■!/;(0) = 0g jj(a;(0)) and C C [/" then at the adiabatic limit we have 

m 

V'(t) ~ e-'^^' io e(x(t'))dt' V- Tp^g- /;<o',' A°l (11) 



f)=l 



where 



/ (CiMC.i) 



A" = : •.. : e Oi(t/",u(m)) (12) 

with r2"(f7", u(m)) the set of u(m) valued n-differential forms of M , and u(m) the Lie 
algebra of the antiselfadjoint matrices of order m, and where Pge ■'=<°' is the path 
ordered exponential along C [M], i.e. 

Jx(0) 



J)„g Jx(0) „x(t) 



A4a;(i))x^(t)Pce-J^(°)" (13) 



The non-abelian geometric phase Pee is then associated with the horizontal 

lift of C in P the principal t/(m)-bundle on the right over M (U{m) is the Lie group 
of the unitary matrices of order to) defined by the transition functions g"^{x) G U{m) 
such that 

Vxet/"nc/^ b"^(x)]^, = (Ca(^)l<.(^)) (14) 

g^'f^ is the passage matrix between the two bases {0" a}a ^^'^ {4'ea}a- P is endowed 
with the connection having A" as gauge potential, and for a closed path Pce^"^° is 
the holonomy of the horizontal lift of C in P. The geometry of P is characterized 
by the curvature P" = dA" + A" A A" G Vt^{U°' ,\x{m)) which satisfies P^(a;) = 
g°'l^{x)-^F°'{x)g°'^{x) {Mx G C/" n tZ-^) and the Bianchi identity dF" + [A", P"] = 0. 

Geometric phases of dissipative quantum systems 

Let {%, H{x), M) be a quantum dynamical system where H{x) is not selfadjoint 
with ^(-ff(a;) - H{x)^) < 0. The syste m is then a dissipative quantum system, the 
eigenvalues of H{x) are complex with a negative imaginary part (they are called 
resonances). Let 1 1-^ ip{t) be the wave function solution of the Schrodinger equation. 
The non-selfadjointncss of H implies 

||V(0)f = l Vt>0, ||^(i)f<l (15) 
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^" = ^^rrST^ef7i(L/°,C) (16) 



The decreasing of is characteristic of the dissipation of the quantum system. 

Let M ^ X ^ e{x) G C be a continuous supposed non-degenerate eigenvalue of H{x) 
and U"^ 9 X I— >■ 0" {x) G Hhe the associated (locally defined) continuous (not necessary 
normalized) eigenvector. In a similar way to that for the closed case, we can define at 

the adiabatic limit a "dissipative geometric phasqj" e ■'^("'c g C* by defining the 
geometric phase generator as 

Dissipative geometric phases are associated with the horizontal lifts in a principal C*- 
bundle P. 

The gauge group C* must be viewed as the product C* = U{1) x M*+ of two physical 
gauge groups (and consequently P must be viewed as the product of two bundles). 
U{1) is associated with the ordinary geometric phase acquired by the wave function 
during the evolution, which is completely equivalent to the geometric phase of a closed 
quantum system, whereas M*"*" is associated with the geometric contribution to the 
dissipation. If we are interested only in the dissipation process, we can describe just 
the structure involving the gauge group R*+. 

The main object is then HV'P G which plays the role of the state of dissipation of 
the quantum system. We call it the density of the system. The Schrodinger equation 
induces the following dynamical equation for the dissipation: 

|2 



^h^^ = c.,^tmr) (17) 

with 

£.m') = {4'\iHix)-Hix)^m (18) 
The eigenvalue equation induces the following equation for the eigendensity 

C^mixW) =2^^mie{x)mix)r (19) 

The generator of the density geometric phase (the geometric contribution to the 
dissipation) is defined as 

^eA- = --^en\U-,R) (20) 

$RcA" is then the gauge potential of the connection of a principal R*+-bundle. 

The geometry of the density geometric phases is trivial since the connection is pure 

gauge, i.e. the gauge potential is d-exact: 

KeA" =dln(||CII) (21) 
Consequently, each holonomy is reduced to one: 

hol(C) = e^c3^<=^° = e^c'^MIICII) = 1 (22) 

Although the geometry of the density geometric phases of dissipative quantum systems 
is trivial, we use it as a model to construct a theory for open quantum systems which 
is not trivial. 



J Since the dissipative geometric phase is not unitary, another terminology, as geometric factor for 
example, could be more appropriate. 



Geometric phases in open quantum systems and higher gauge theory 



6 



3. C*-module of an open quantum system, eigenvectors and gauge 
invariances 

3.1. The C* -module modelling an open quantum system 

An open quantum system consists of a quantum system S which can exchange matter 
and/or energy with an environment £. The total closed system 5 + £" is called the 
universe. Being a closed system, the universe can be described as a quantum dynamical 
system {%s ® T^£i H{x), M) where is the Hilbert space of the quantum states of 
the system (which is supposed finite dimensional, dim T-Ls = n) and %£ is the Hilbert 
space of the quantum states of the environment. To avoid any confusion, the scalar 
product in %s is denoted by the scalar product in %£ is denoted by {.\.)-He 

and the scalar product in "Hs ® 'He is denoted by((.|.)). In the same manner, the 
adjoint with respect to {.\.)-Hs is denoted by f whereas the adjoint with respect to 
((.|.)) is denoted by J. The Hamiltonian of the universe H{x) G CCHs ^'He) (which is 
selfadjoint for ((.|.))) can be written as 

H{x) = Hs{x) ® lue + lus ® Hsix) + Hi{x) (23) 

Hs & C{Hs) is the Hamiltonian of the isolated system, £ ^i'K-e) is the 

Hamiltonian of the environment and Hj € C{Hs <8) "He) is the system-environment 
interaction operator (all these operators are selfadjoint for the scalar products of their 
respective Hilbert spaces). The mixed state p of the system associated with the 
normalized pure state ip of the universe is defined as being the partial trace of the 
orthogonal projector on iJj: 

P^i^nAmm (24) 

p is called a density matrix and we denote by Vi^g) = {p •= ^{'^s)\p^ = PiP > 
0,tr-^5 p ~ 1} the set of density matrices, p can be viewed as a statistical convex 
combination of pure states, p = Yll=iPi\Xi){Xi\ where {pi\i = Sp(p) {0 < Pi < 1) 
and {xi e 'Hs}i are the associated eigenvectors. The Schrodinger equation for the 
environment induces the Schrodinger-von Neuman equation 

ihj^m)))m)\ = [H{x{t)), \m)){m)\] (25) 

which induces by the partial trace the Lindblad equation 
dpit) 

ir 

where 



(26) 



CAp) = [Hs{x),p]+tvn, {[H£ix)+Hi{x), |#((V'|]) 

= [Hsixlp]+VAp) (27) 

The Liouvillian [Hs (x) , .] represents the free evolution of the system, whereas Vx 
represents the decoherence induced by the environment on the system. 
A dissipative quantum system can be viewed as a kind of open quantum system in 
which the dissipation is the only one effect of the coupling with the environment. The 
density \\4>\\'^ G K"*"* of equation and the density matrix p e 'D{Hs) of equation 
(|24p play then the same role. They characterize the influence of the environment on 
the system. The equivalent of Hg for a dissipative quantum system is C, the equivalent 
of T-Ls is then H and the equivalent of the state space of the universe Hs ® Hs is then 
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We can then consider the open quantum systems in the same manner as the dissipative 
quantum systems, and use the following paradigm: we consider ® He no longer 
as a vector space over the ring C but as a left C*-module over the C*-algebra C{Hs) 
(a module which has the same axioms as a vector space but where an algebra takes 
the place of C, see ref. [25]). The C*-module Hs ® Hs is endowed with the following 
inner product: 

This inner product has the following useful properties: 

• it is linear on the right and antilinear on the left: WA,B G £(7^5), V(/), -0, X £ 
ns(E)H£ 

+ = A(0|0), (29) 

{A^ + Bxm, = + (30) 

• it is "hermitian" : Vcf), ip G Tis "Hs 

(01^). = (ml (31) 

• it is "positive definite" : G TLs <S> He 

(V'lV')* G 'D(ns) X R*+ (32) 

(V'lV')* = ^ V = (33) 

A mixed state of the system (a density matrix) is then the square ^-norm of a 
normalized state of the universe: 

p = \mi (34) 

The analogy between open and dissipative quantum systems is then complete. 
Remark : The Hamiltonian of a dissipative system is not selfadjoint; for an open 
system, even if H is selfadjoint for the scalar product ((.|.)), it is not selfadjoint for the 
inner product (.|.)*. 

3.2. Eigenoperator equation in the C* -module 

The replacement of C by C{'Hs) requires the introduction of a new definition of the 
eigenvectors. 

Definition 1 (Eigenoperator and H<-eigenvector) M 3 x ^ E{x) G C{Hs) is 
said to be a continuous eigenoperator of H{x) and U°' 3x1-^ 't'si^) G ^5 ® ^£ ^■^ 
said to be an associated (locally defined) continuous ^-eigenvector if 

H{xWe{^) = E{xWe{x) (35) 

with 

[E{x)®lu,,H{x)]=Q (36) 
X I— ;> E{x) being a continuous map on M and x i— (f>'^{x) being a continuous map on 
U". 

This definition is the exact transposition of an eigenvalue equation except that E is an 
operator belonging to the C*-algebra C{'Hs). We note that the commutation between 
E and H is required to have a behaviour sufiiciently close to an eigenvalue. We suppose 
moreover that {{4>e\4''e)) = 1 in order to ensure that p'^ = ||</)^||J = tr^^ ([0^)) |) 
is a mixed state (the mixed eigenstate). The eigenoperator satisfies some interesting 
mathematical properties which are set out in [Appendix A[ one of them permits an 
easy solution of the eigenoperator equation. 
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3.3. Gauge invariances of the eigenoperator equation 

For the usual eigenvalue equation Hcji^, = e0e (with e G C non degenerate) the gauge 
invariance is very simple, the action of the group C* (or U{\) if we want to preserve 
the normalization) transforms an eigenvector associated with e to another eigenvector 
associated with e. The situation is more complicated for the eigenoperator equation 
([35]). 

Let Gx C GC{Hs) be the maximal subgroup of QC{'Hs) [QC-i'Hs) is the group of 
invcrtiblc operators of Hs) which leaves invariant the vector subspace ker(i/(a;) — 
E{x) ® lue) CHs(E>H£ : 

Gx keT{H{x) - E{x) ) C ker(F(x) - E{x) ® lue ) (37) 

Let Kx C U{'Hs) be the isotropy subgroup of H{x) within U{H£) {UlT-Lg) is the group 
of unitary operators of T-Ls) : 

Kx = {ke U{n£)\k-^H{x)k = H{x)} = Uin£)Hix) (38) 

Gx X Kx constitutes the gauge group leaving invariant the eigenoperator equation, 
Wgk G Gx X Kx we have 

Hix)rEi^) = Eix)rEix) H{x)gkrEix) = E{x)gkrEix) (39) 

This follows directly from the definitions of Gx and Kx and from the fact that kE = Ek 
since k € C{He) and E e C{l-is). 

We denote by Qx the Lie algebra of Gx (the maximal subalgebra of C{Hs) leaving 
invaiia.ntkeT{H{x)- E{x)(»l-He)) and by tx ^ {k e C{n£)\k^ -fc, [l-Us^k, H{x)] = 
0} the Lie algebra of Kx . 

Property 1 Under a gauge transformation (j)'^{x) = gk(f>'^[x) with gk G Gx x Kx, 
the mixed eigenstate is tranformed as follows: 

~pl{x) = gp%{x)g^ (40) 

Proof: 

PE = tr-H£(|^£;))((^£;|) 

= tr„, (gfc|0B |fc-V) 
= 5 tr«,(/c-i/c|(/)£)) 1)5^ 

= gpEg"^ (41) 

□ 

Gx is the maximal subgroup of QC{'Hs) leaving equivariant the square *-norm. 
From the viewpoint of the analogy between open and dissipative quantum systems, 
a G2;-gauge transformation is equivalent to a norm change of the eigenvector. The 
property for the dissipative quantum systems, VA € C*, 0" = Xcf)'^ => 110" |P = 
|A|^||(/)g IP, becomes for the open quantum systems, Vg G G^, = g(j)% H^bH* = 
Since Kx leave invariant the square *-norm, a A'x-gauge transformation is 
a kind of "phase change" specific to the open quantum system. 

The definition of Gx x Kx the group equivalent to a norm change for a ^-eigenvector 
permits us to define the notion of degeneracy for the eigenoperator. 
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Definition 2 (Non-degenerate eigenoperator) Let M 3 x ^ E{x) G C{Hs) be 
an eigenoperator of H{x) and 11°' 3 x i-^ (f'si^) ^ ^<s ® ^^£ associated *- 

eigenvector. Let x be the gauge group defined as previously. We say that E{x) 
is non- degenerate on U" if\/x € U" the action ofGx xKx onkeT{H{x) — E{x)^l-Hi:) 
is transitive, i.e. if 

X if,0|(x) = kcT{Hix) - E{x) ® (42) 

We see that has no direct influence on pE- We introduce another gauge 
group Jx related to Kx (this relation will be apparent in the next section) but which 
is associated with pE. Let J° C Gx be the union of all isotropy subgroups of the 
elements of the orbit by Gx of Pe{x) ■ 

= {j e Gx\3g 6 GxJgpUo^)g\j^ = gp^(a;).g+} 

= [J Gx^gp<^(x)gi 

= U 9Gx,pi(.)9-' (43) 

(G'x,p°(k) = {j G Gx\ip%{x)i'^ = p'^{x)}). J° is then also the orbit of the isotropy 
subgoup of p% by the action of Gx on itself. J° is a normal subgroup of Gx (see 
[Appendix A[ ). 

Suppose that dimkcr(/ci^(a-)) = n — p, let C Qx be 

ji = |oe0.|6=f/^x^ )j (44) 

where O is the matrix representation of O in the diagonalization basis of (the 
eigenvectors associated with the eigenvalue being from the position n — p to the 
position n), 0„xp is the null n x p matrix and *„xp denotes any n x p matrix, j], is a 
normal solvable subalgebra of Qx (see [Appendix A[ ). 

Let = {e^,j 6 jx} be the Lie group of jj.. Jx is the direct product of groups 
Jx = Jx X Jl. We denotes by ]x = ]1 ® ]]. its Lie algebra, j° = {j G fli^|35 e 
G,jgp%{x)g'' + gp'E{x)g^j'^ = 0}. Noting that if p|;(x) is invertible then Jx is reduced 
to J°. 

In order to have the same behaviour on the whole of M, we assume for the rest 
of this paper the following local triviality assumption : 

• \fx,y ^ M , Gx and Gy are isomorphic, 

• Vx, y G M, dimker(p^(x)) = dimker(/9^(j/)) (and by consequences Jx and Jj^ are 
isomorphic) . 

Let G be the abstract group typical of the family {Gx}x£M and Va; G U" let 
C" : G — Gx C QC{'Hs) be the group isomorphism between G and G^ continuous 
with respect to x (C" is locally defined because the existence of a continuous extension 
on the whole of M is not ensured). Vx, y G f7", C,y o (C")~^ constitutes the isomor- 
phism between Gx and Gy. Let J be the subgroup of G such that C,x{J) = Jx (by 
construction J is the product of a normal and a solvable subgroups of G). The map 
C,x defines a principal G-bundle on the left over as being its fibre diffcomorphism. 
We denote by Pq this bundle and by C" : [/" xG Pq its local trivialization defined 
by ("{x,g) = Cxid)- The restriction of on [/" x J defines a principal J-bundlc on 
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the left over C/" denoted by Pj. The bundles Pq and PJ encode the gauge theory 
associated with the eigenoperator equation. We denote by P^ = Pq Xq g and by 
P" = Pj Xj j the vector bundles over U" associated with Pq and Pj by the adjoint 
representation of G on g, Ad{g)X = gXg~^ (g and j are the Lie algebras of G and J). 
In a same manner we define the bundles P^ and P^. 

We consider now the gauge transformations at the intersection of several charts. 
Let g"'^ G C°°(C/" n V^) (g>M UxGx and e C°°{U°' n U^) ®m Ux^x be the 
1-transition functions defined by \/x S C/" fl 

01;(x) = fc"'5(x)g"^(x)0^(x) (45) 

and then 

p%{x)=g'^P[x)pUx)g''^{x)^ (46) 

(0M denotes the image of the tensor product by the diagonal map which transforms 
(x, y) f{x, y) to X f{x, x), and |J denotes the disjoint union). 
The 1-transition functions generate some 2-transition functions h"'^'^ e C°°{U°' fl n 
U'^) ®M \_\x Jx measuring the failure of the cocycle relation (which is not ensured): 

"ix eU" nu^ n U'> 

h^P^{x)=g''P{x)g^'^{x)g'^''{x) (47) 
is an element of Jx since to have a single valued mixed state, we must have 

Property 2 The 2-transition functions satisfy the following generalized cocycle 
relations: Vx G C/" n [/'^ n U'' 

h^^^ix) = g"^{x)h^'<"{x)g°'^ix)-^ (48) 
h'^-'^ix) = h'^'^^x)-^ (49) 
/i^"T(a;) = .g"^(x)-i/i"^''(x)-i5"''(x) (50) 

and Vx G [/" n c/^ n [/'' n 

h°'^'<{x)h'^''^ix) = h"^^{x)g'^'^{x)h'^^^{x)g"^{x)-^ (51) 



Proof: 



finally 



and 



^ g^f^gP^g'T"' = g"^ g^^ g'^" g""^ g^" = g°'f^h'^^°'gl^°' (52) 

/j^"7 = g'^°'g'''rg-fP = 5''"c,"'>'c,T'5/".g"'5 ^ ^^^/j^-l (/^a/37)-lg"/3 (53) 

/ja7/3 ^ g^'^g-yl^gP'' = [g""^ g^'' g^"')"^ = (/l"^'')"! (54) 

.g"'' = h''^'' g"'' g''^ = h"^'' h'^''''^ g"'^ gf^'' g^^ (55) 



5"'' = h^'^^g^'^g^^ = h°'^'^g°'^hl^^''gf^^g''^ (56) 
we conclude that 

□ 
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4. Geometric phases of open quantum systems 

4-1. Generator of the C* -geometric phases 

Now wc are able to define a generator of tlie geometric phases for open quantum 
systems by analogy with, the geometric phases of dissipative quantum systems: 
G il^(J7", £(7^5)) is a solution of the following equation 

A"WE\\l^{rE\d(p'h)* (58) 

Property 3 The C* -geometric phase generator and the mixed eigenstate are related 
by the following equation 

dp% = A''p% + p%{An^ (59) 

Proof: 

dpE = tr„^ (|d0£;))((0£;| + \(j>E))id4>E\) 
= {(t>E\d(l>E)* + {(t>E\d(j)E)l 

= ApE + [ApE^ (60) 

□ 

Property 4 Under a gauge transformation (t>%{x) = g{x)k{x)(j)'^(x) with g G 
T{U°',Pq) and k G r(J7",P^) the C* -geometric phase generator is transformed as 
follows: 

A" = gA^g-' + dgg-' + gr^g-' (61) 
with rj G 17i(J7",Pj") ^ r2i([/") ®M T{U",P°') solution of 

vUeWI = irElk-'dkrE)* (62) 
r{U",Pg) and T{U", Pf^) denote the sets of sections of Pg and Pf . 



Proof: 



AUeWI = {4>E\d4>E)* (63) 

^MlMlg^ = tTneikdg\^E))UE\9^k-') 

+ tTnA9dk\(bE))UE\k'^9^) 

+ tTnA9k\d(bE))UE\k-^g^) 
^ AgUEfJ = dgUE\\lf/+gAUEfJ+9vUEfJ 
^ 9-'AgUE\\l = {9-'dg + A + v)Ue\\1 

^A = dgg-^ + gAg-^ + grig-^ (64) 



{cl}E\k-Hk\^E)l = {'I^E\d{k)-^k\<j,E). 

^ {^E\k^'dk\<t,E)i = -{Mk~^dk\<t>E)* 
t]pe + PeV^ = 

^ e , P-^J (65) 

□ 

Remark : dgg~^ G D,^{U",Pg). We see that the A'^-gauge transformations on the 
pure state of the universe (pE induce ja;-gauge transformations on the C*-geometric 
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phase generator. is the gauge group associated with the dynamics of the quantum 
system (the equivalent of the gauge group for closed quantum systems) whereas 
is the gauge group associated with the decoherence induced by the environment (by 
its relation with the gauge group associated with the dynamics of the environment). 

When p% is invertible the equation (|58|) has a single solution: 

A^^{rE\drE)*{WE\\l)-^ (66) 

but there can be difficulty in applying this, particularly if the precise description of the 
universe is unknown. This problem is partially solved by the fact that we can prove (see 
[Appendix B[ ) that the C*-geometric phase generator is equal to A" = ^dp'^{p'^)~^ 
modulo a ja;-gauge transformation. If p'^ is not invertible, equation ([55| can have 
several solutions, but they are equals modulo a ja;-gauge transformation. This result 
and other mathematical properties of the C*-geometric phase generator can be found 
in [Appendix B 

Property 5 We assume that E is non-degenerate. The C* -geometric phase generator 
can be decomposed as A°' — A°' -i-R" where the reduced generator A" E il^{U",P^) is 
called the gauge potential (or the G-potential) and where the remainder R" is almost 
zero in the sense tr-Hs(p^i?") = 0. 

Proof: Let P^ix) G CCHs ® Hf) be the orthogonal projector (in sense of ((.|.))) on 



keY{H{x) — E{x) ® ^He) continuous with respect to x £ J7". 

AUeWI = (67) 

= {<pE\PEd(f>E)* + {(f>E\{lHs^nE - PE)d(f>E)* (68) 

We set then A and R as the solutions of the following equations 

AUeWI = {MPEd4>E)* (69) 

R\\4>E\\l = {^E\{l-PE)d<t>E)* (70) 



By the property [H we have {(j)%\P^d(j)%)^ e ^V-{U°',P^) and then A" e VL^{U°',P^). 
tr-HsiPsR) = tr-Hs I (1 - PE)d0£;)* 
= Ue\{1 - PE)dcl,E)) 
= i{l - PE)Mdct>E)) 

= (71) 

□ 



Property 6 Under a gauge transformation (f>%{x) = g{x)k{x)(j)'^{x) with g S 
T{U" ^ Pq) and k G r(t/",P^) the G-potential is transformed as follows: 

A^=gA^g-'+dgg-'+g7^g'' (72) 
with ri e n^iU^'.Pp solution of 

VmWl = {4>%\k~'dkc^%), (73) 
and the remainder is transformed as follows : 

R" = gR^g-' (74) 
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Proof: By definition, gPg — Psg and fcPj; = PgA:, and since dgg ^ G il^(C/", P^) and 
el7i(t/",Pj")wehave(l„^^„,-PB)rf55"' =Oand(l«'^^„,-P£;)dfcfc-i =0. 
The rest of tlie proof consists to remake the proof of property 2] by considering these 
identities. □ 



We consider now the gauge transformations at the intersection of several charts. 
Let e C°°(f/" n UP) ®m Ux^x and k°'l^ G C~(C/" n U^^) (giM Ux^x be the 
1-transition functions. We have clearly Va; G C/" fl 

where 77"^ G n Uf^) ® \_\x 

]x is a solution of the equation: 

called the potential-transformation (or the J-potential) and is associated with 
the decoherence induced by the environment (since this term vanishes for a closed 
quantum system). 

Property 7 Va; G U" H D If , the potential-transformation satisfies 

= dh°'P^{h°'P^y^ - [A", /i"^''](/i"'3t)-i (77) 
where h°'f^'^ G C°°{U°' HU'^ H ®m \_\x 2-transition functions. 

Proof: 

rfP = g'^P {g°'P)-^ - A" + dg^^ig'^^)-^ 

= 5"^ (/^A^(/'')-i + d/T(/'')-i - 7]^'^) (g'^P)-^ 

~ A"' + dg""^ {g"''^)-^ 
= /i"'3'^A"(/i"'3'^)-i - A" - g^^ri'^^ig^P)-^ 
-5"^/^r;^"(g"V^)-i 
+g"f'gP'*dg''"{g°'l^gf^'<g'^°')-^ 

+g"^d/^(5«/5/T)-i ^d/i"'^'^(/i"^'^)-i (78) 

+d5"''(s"^)-^ 



now 



then 



= A^ + g7a^(g7")-l _ c,7"^"7(g"7)-l + d5'^"(5T")-l - A'' 

= -g^"7/"T(,9"'')-i (79) 

+ 5"'^/V"'7"''(ff"'^/V")~^ + dh°'P^{h°''^'')-^ (80) 

□ 
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4-2. The higher gauge theory associated with the C* -geometric phase 

The gauge transformations of the gauge potential and of the potential- 
transformation 77"^ are characteristic of a higher gauge theory, as described with 
several different notations in refs. [26l [271 US HSl [30l [31]. In accordance with these 
previous works, we introduce here three types of curvature. 

Let = dA°'-A°'^A°' e n^{U'',CCHs)) be the curving and F" = di?" - [A", i?"] - 
i?" A i?" G n^{U°',C{ns)) be the fake curvature. 

= dA°' -A'^AA^+F" (81) 

We can prove (see |Appcndi"FC| ) that in fact e fl^iW^^Pp and F°' e rj2([/", p^"). 
Finally we set H°' G r2'^([/", P") the true curvature defined by 

= dS" - [A°',B°'] 

^ dF°' - [A" , F°'] (82) 

These three types of curvature satisfy some gauge transformation formulae (studied 
Appendix C[ ) which are also characteristic of a higher gauge theory [^Hl [IZl [551 [IHl 



[301 [31]). 

The C*-geometric phases of an open quantum system are not related to a principal 
bundle over M (as would occur for the geometric phases of closed quantum systems) 
because the family of local principal G-bundles {-Pg)" cannot be lift to a single global 
principal bundle (this is due to the failure of the cocycle relation with g"^ measured by 
h"^^). The geometric structure V associated with the family {Pgja does not define 
a manifold but a category (see ref. [35] for a presentation of category theory); this 
feature is specific to a higher gauge theory. 

The geometric structure V is defined from the 1-transition 5"'^ and the 2-transition 
h'^^'^ and is endowed with a 2-connection (see ref. [29l [30l [30]) defined from 
(yl",B",?7"'5). P is a non-abelian bundle gerbes [H [IT] Hi [M] [li [3I]fl with the 
structure Lie crossed module (G, J, t, Ad) where t : J — >■ G is the canonical injection 
(J is a subgroup of G) and Ad : G Aut(J) is the adjoint representation of G on 
itself restricted to J (in the homomorphisms domain) . 

The replacement of the single gauge group of closed quantum systems by a gauge Lie 
crossed module for open quantum systems is explained by the need for a gauge group 
associated with the evolution of the quantum system (G) and also for a gauge group 
associated with the decoherence induced by the environment (J). 

Equivalently, V can be viewed as a principal categorical bundle (a 2-bundle, see 
ref. (29l[30l[31]) on the left with the structure groupoid Q having Oh]{Q) = G as set of 
objects and Morph(C/) = J x: G as set of arrows, the semi-direct product (the arrows 
horizontal composition) being defined by {h, g){h' , g') = {hAd{g)h' , gg'). The source 
map of G is defined by s{h,g) = g and the target map is defined by t{h,g) = t{h)g 
(with t{h) the canonical injection of hm.G). The morphisms composition (the arrows 
vertical composition) is defined by [h^g) o {h',t{h)g) = [hh' ,g). 

The explicit constructions of P, of its 2-conncction and of its total category is 
somewhat technical but can be found in [Appendix C[ In the next section, we show 
that at the adiabatic limit, the time-dependent mixed states exhibit G*-geometric 
phases which are related to horizontal lifts in V. 

tt In some references as |26l 1271 I28j . the authors consider only the special crossed module 
(Aut(G), G, Ad, ic^AutCG)) foi" ^ Lie group G. 
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5. The adiabatic transport of mixed states 

The study of rigorous adiabatic theorems for mixed states is not the subject of this 
paper but [Appendix D| presents an heuristic approach to the adiabatic approxima- 
tion for the ^-eigenvectors. This approach shows that the adiabatic condition can 
be expressed as being ~ (Vt) where i?" is the remainder of C*- 

geometric phase generator. This property shows the interpretation of i?", it measures 
the non-adiabatic effects. The fake curvature = di?" - i?" A i?" - then 
characterizes the influence of these non-adiabatic effects on the geometry of V and 
the curving-transformation x"^ = [i?",ry"^] measures the intertwining between the 
non-adiabatic effects and the decoherence induced by the environment. 

We now are able to introduce the adiabatic transport of a mixed state. 

Property 8 Let {T>{'Hs)^ C^, M) he an open quantum dynamical system associated 
with an universe described by the quantum dynamical system [T-Lg ® 'Hs, H{x), M) . 
Let U°' 9 X I— p%{x) G 'D{'Hs) be a mixed eigenstate of the open quantum system 
and M 3 X i-^ E{x) be the associated eigenoperator supposed non- degenerate. 
Let t I— >■ x{t) ^ M be an evolution corresponding to a path C within U"'. Let 
t I— >■ p{t) € DiTis) be the solution of the Lindblad equation — Cx{t){p{^)) with 

p(0) = /9^(a;(0)). We assume the adiabatic condition liD.l\l . i.e. R^{x{t))x^{t) ~ 0. 
We can then write \ft > 

p{t) - gEA{t)pE{x{t))gEA{t)^ (83) 

with 

SEAit) = Te-"'" s(x(t'))<it'p^e- ^ ^^^^^ ^34^ 

where A°' g r2^(C/",P^) is the gauge potential and rj £ 17^(C,P") is a particular 
)x-gauge transformation. 

Proof: Let ^ G Us ® T~l-£ be the solution of the Schrodinger equation = 
H{x{t))ip{t) with "0(0) = (j)E{x{0)) where (pE is the ^-eigenvector associated with E and 
pE- By application of the theorem[l]we know that \/t, ijj{t) G kei{H{x{t)) — E{x{t))), 
and since the action of Gx x is transitive {E is non-degenerate) we have 

Vt, 3gEA{t) e G,(t), 3k„{t) e Kx(^f),iit) = kn{t)gEA{t)<pE{x{t)) (85) 

By inserting this expression in the Schrodinger equation of the universe, we find 

ihkr^gEA'pE + ihkr^gEA'pE + ihkr^gEA-^ = HkjjgEA4'E 

= Ek^gEA't'E (86) 
9ea9ea(I)e = ~ k;^^krj(t)E - ih^^g^\EgEA(l)E (87) 



and then 



9EA9EA\(l)E))i4>E\ = - \—^))i(l>E\ " ^^t, 



dt 

~ ^^^^^9EA^9EA\<l>E)){{<Pi 

By taking the partial trace on Hg of this expression, we find 

9e\9eaPe = -{Af, + ■r]f,)x''pE - ifi^^gs^EgEApE (89) 
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where the potential-transformation is a solution of the following equation 

^{x{t))UE{xm\i 

= (0s(a;(t))|fc,(x(O)-i^^^^^^(/.i=;(a;(i)))*rfi (90) 
Since Rfj,x^ ~ 0, A^x^ ~ ^/ji'' we can then choose 

9ea9ea = -(-4^ + Vt^)i'' - ^f^~^9EA^9EA (91) 

We set 

gA{t)=Te^'''fom<itg^^^t) 

^ gEA{t) = Te-^''" ^0 ""^'^"'gAit) (92) 
By inserting this expression in the previous equation we find 

g-/gA = -{A^+^l^^i'' (93) 

and thus 

gA=Pce"^="™'^^^"^+''^"" (94) 

it) ° 
We note that even if the C*-geometric phase Pce-'^t"' (^)+')(^)) jg non-abelian since 

it belongs to QC{T-Ls) it is the equivalent of an abelian geometric phase of a closed 

quantum system. The non-abclianity results from the substitution of the abelian ring 

C by the non-abelian C*-algebra C{TLs) (the paradigm of the present approach). 

A" being not antisefladjoint, gEA is not unitary, nevertheless the normalization of the 

density matrix trace is preserved by the adiabatic transport formula (sce |Appendix D ). 

If the path C crosses several charts, the C*-geometric phase is obtained by a formula 

similar to equation ([5]). 



6. Illustrative example: the control of a qubit 

In this section we present a very simple example in order to illustrate the concepts 
introduced in this paper with a physical toy model. For the sake of simplicity, we do 
not consider the question of the chart indices in this section. 



6.1. The model 

We consider a qubit described by a CAR algebra (a fermionic algebra) acting on 
Hs = C^: 

c|0)=0 c+|0) = |l) 

c|l) = |0) c+|l)=0 (95) 

with cc"*" + c"*"c ~ 1-Hs- This qubit is subjected to a decoherence process described by 
a phase damping model (see [37]): 

i^/o = XC+c® (& + &+) (96) 

where x S M is a constant. Usually {b, I-h^ } constitutes a CCR algebra (a harmonic 
oscillator algebra) , but in the present work for the sake of simplicity and to avoid some 
technical difficulties we consider that it is also a CAR algebra (the environment is then 
constituted by a single mode fermionic bath). We have then the following hamiltonian: 

Ho = huJcC+c l-He + fvjJbl-Hs ® b+b + xc^c ^ {b + 6+) (97) 
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where Wc, Wf, G R''^* arc some constants. We control the qubit by operating on it with 
rotations. Let U{x) — e"' '^^ G U{%s) be a qubit rotation, where x = x^, x'^) € M?" 
are the control parameters and {cr^}^=i,2,3 are the Pauli matrices. The Hamiltonian 
of the qubit driven by rotations is then 

H{x) = U{x)HaU{x)-^ 

= nwcU{x)c^cU{x)~^ ® Ih£ + ^b^Hs ® 

+ xUix)c+cU{x)-'^ (g>ib + b+) (98) 

Let t ^ x{t) be a path in M? with x(0) = (0, 0, 0) and let t i){t) ^Us^Ug be the 
associated wave function of the universe: 

ih'^ = U{x{t))HoUix{t)y'ij{t) iiO) = 0x (99) 

with the initial condition cj)^ e Hs ® TLs such that = tr-^^ (|0x))(('/'x I) ~ (^^ 
time t = the qubit is in the pure state |1}). Let (/)(t) = U{x{t))^^ip{t) be the solution 
of 

'^t = " ^f^u{x{t))-'^^^^^ m m = 0, (100) 

The density matrix representing the evolution of the qubit is then 

Pit) = U{x{t))tTn, {vmjU^lVit)^) Uix{t))-' (101) 

with 

Vit) = Te-''''' j;;{Ho-zhU{x{t')r'd,,u{x{t')))dt' ^ ^^y^^ ^ ^^-j ^^q^) 

We see that the dynamics of the qubit seems to exhibit a kind of geometric phase 
generated by U{x)~-^dU{x). Unfortunately it is not separated from the other matrix 
quantities and the expression does not involve the rotated state U{x)\l){l\U{x)~^ . 
The formalism introduced in this paper solves these problems and clearly defines this 
geometric phase. 

6.2. The eigenoperator and the ^-eigenvector 

Let i?o = hjjccc^ G C{'Hs). We have the following usual eigenvector equation 

{Ho - Eo ® lHe)<l>x ^ ^^'l^x (103) 
with A = |(\/4x^ + S^w^ + 2hLL}c + fuvt) (one of the four eigenvalues) and 



2xm + iVW+W, + ha;t)\n) ^^^^^ 



We note that = |1)(1|. 

We consider the following eigenoperator and ^-eigenvector of H{x) defined by 

E{x) = U{x){Eo + \lHs)U{xr^ 4>e{x) = U{x)cp^ (105) 

It is easy to verify that 

H{x)(j)E{x) = E{x)(j)E{x) and [H{x), E{x)] = (106) 

The mixed eigenstate is then pe{x) — U{x)\l){l\U{x)~'^ which is as expected the 
rotated initial state. The associated gauge invariances are then described by the 
following Lie algebras 

U{x)('^ M [/(x)~i;a,7GC,/3ec| (107) 
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= ^ ^ C/(x)-i;a,7eC,/3e*M| (108) 

ji = |c/(x)(^ ^ [j )c/(x)-i;a,7ec| (109) 

and tj; = iM. 

6.3. The C* -geometric phase 

By definition the generator of the C*-geometrie phase A satisfies 

^ AU{x)\l){l\U{x)-^ =dU{x)\l){l\U{x)-^ 

<=^ U{x)-'^AU{x)\l){l\=U{x)-^dU{x)\l){l\ (110) 

This induces that 

A(x) ~ Uix) ( im-)-]dU{x)\l) \ , 

modulo a jij,-gauge transformation. A exhibits the relevant components of the 
generator U^^{x)dU{x) postulated at the begining of this section. Moreover we have 

{<j)E\PEd(^E)* - U^\U{x)-^dU{x)\cj)jUix)\l)(l\U{x)-^ 

= {l\U{x)-^dU{x)\l)Uix)\l){l\U{x)-^ (112) 

where Pe ~ \4'e)){{4'e\- This shows that the reduced geometric phase generator is 

^(-) = ^(--)(o (l|L/(x)-W)|l) ) ^'''^ 
The adiabatic condition R^{x{t))x'-''{t) ~ is then equivalent to 

{0\Uix)-'^^\l)x^it)^0 (114) 

The non- adiabatic coupling between |1) and |0) induced by the rotation must then 
be negligible; this is in accordance with the intuitive signifiance of the adiabatic 
approximation. 

Finally, by applying the property [5] we have 

p{t) = gEAit)U{xmi){l\Uix{t))-'gEAit)-' (115) 

with 

9EA{t) = Te"*'^"' •''o U{x{t')){Eo + X}U{x{t'))-Ut' 

X p^g-JAo) (i|'^(^)^''^'^(^)|i>c^(^)|i)<i|'^(^)"' (116) 

The true geometric phase associated with the adiabatic rotation of the qubit subjected 
to the dccohcrcncc process explicitly appears in this formula. 
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Table 1. Analogy between dissipative and open quantum systems. 



Dissipative quantum systems 


Open quantum systems 


ring C 


C*-algcbra C{Hs) 


Hilbcrt space C ® H = H 


C*-module Hs ® He 


dissipation density £ 


density matrix * G T^i'H-s) 


ciur) = mH - 


cm\i) = {m^)* - {mi')* 


H(f>e ~ e(f> with e S C 


H(t)E = E(I>E with E e C{ns) 

c{\\4>e\\1) = eUe\\1-Ue\\Ie^ 




AUeWI = {c^E\dcj)E)* 
dUE\\l = AUE\\i + UE\\lA^ 



7. Conclusion 

The analogy between dissipative and open quantum systems, summarized by table 
[U induces a new approach to extend the geometric phase concept to open quantum 
systems. This new kind of geometric phase defines a higher gauge theory (and not the 
usual gauge theory) based on the Lie crossed module (G, J, t, Ad), where the group G is 
the analogue of the usual gauge group of closed quantum systems whereas the group J 
is related to the decoherence induced by the environment on the open quantum system 
(J is reduced to {1g} for a closed system). The C*-gconictric phases then appear in a 
categorical generalization of a principal bundle defined by 1-transition functions g"^ 
associated with G but for which the cocycle relation fails, the failure being measured 
by 2-transition functions /i"^'' associated with J. We therefore claim that there is an 
equivalence between the three following phenomena: 

• Dynamics: decoherence induced by the environment. 

• Geometry: obstruction to lift the gauge structure onto a principal bundle. 

• Topology: failure of the cocycle relation. 

The categorical bundle is endowed with a connection described by several data 
summarised in table [2] including the generator of the C*-geometric phases. 

The relation between decoherence and a higher gauge theory seems to be impor- 
tant. In previous works we have already pointed out that a higher gauge theory arises 
for some geometric phases: in ref. [5] for a dissipative quantum system presenting a 
splitting resonance crossing (the decoherence is there induced by the interplay of the 
dissipative process and the non-adiabatic transitions induced by the crossing), and in 
ref. |32j for an atom or a molecule interacting with a modulated chirped laser field or 
with an irregular train of ultrashort pulses (the decoherence is there due to the photon 
exchanges between the quantum system and the laser field or to the chaotic behaviour 
of the kicked quantum system). In these previous works, the quantum systems are 
described by pure states, and the associated higher gauge theories are abelian. In the 
present work, the open quantum systems are described by mixed states and the higher 
gauge theory is non-abclian. 

The usual gauge theories were initially introduced to describe particle interactions 
(electromagnetic, electrowcak or chromodynamics), and were later used to describe the 
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Table 2. Connection data of the higher gauge theory associated with the C- 
geometric phases. 



n-form 


Symbol 


Degree 
n 


Values 
algebra 


Interpretation 


gauge potential 


A" 


1 


Qx 


characterizes the adiabatic dynamics 


remainder 




1 


CiUs) 


measures the non-adiabatic effects 


potential-transformation 


if^ 


1 


)x 


manifestation of the decoherence 


curving 


B°' 


2 


]x 


characterizes the decoherence geometry 


fake curvature 


pa 


2 


Qx 


characterizes the non-adiabatic geometry 


curving-transformation 




2 


)x 


nonadiabaticy-dccohcrencc intertwining 


true curvature 




3 


)x 


characterizes the geometry 



geometric phases of closed quantum systems. The higher gauge theories used in the 
present work to describe the geometric phases of open quantum systems were initially 
introduced to describe string interactions. We note the interesting epistemological 
remark that, from the viewpoint of the gauge theories, the reduction to a more fun- 
damental theory in high energy physics (the passage from the quantum field theory 
to the string theory) seems to be equivalent in non-relativistic quantum dynamics to 
an increase of the complexity (the passage from a closed quantum system to a system 
submitted to a decoherence process). 

The C*-geomctric phases presented in this paper are associated with horizontal 
lifts of curves in the categorical bundle. However we can note that the higher gauge 
theories also permit us to define horizontal lifts of surfaces. The role of such horizontal 
lifts of surfaces in the context of open quantum systems is at the present time unclear. 
Moreover for some cases, J can be reduced to U{1). In these cases the generalized 
cocycle relation /i"^t/i"'>'^ = h^^^h^^'^ induces the existence of a topological invariant, 
the Dixmier-Douady class which measures the non-triviality of the categorical bundle. 
The physical interpretation of this class is also at the present time unclear. 

Acknowledgments 

This work is supported by grants from Agence Nationale de la Recherche (CoMoC 
project). 

The authors thank Professor John P. Killingbeck for his help. 

Appendix A. Mathematical properties of the eigenoperators 

Property 9 The mixed eigenstate p^(a;) = ||0^(a;) ||» satisfies the following equations 
CMi^)) = E{x)p%{x) - pU^)E{x)^ (A.l) 

{E{x)p%{x) ~ p%{x)E{x)^) 

= E{x)CM{x)) - CM{^))E{x)^ (A.2) 
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Proof: 

C{pe)^ trne{[HME))UE\]) 

- true {\H4>E))i4>E\ - 

= EpE - PeE^ (A.3) 



CiEpE - PeE^) 

= tr„, {[H,E\<t>E))i<t>E\] - [H, \<j)E))i<t>E\E^]) 
= tvue {EH\(j,E))iM - E\cj,E))iMH 
-H\^E))iME^ + \^e))Ue\HE^) 

= EC{pe) - C{pe)E^ (A.4) 

□ 

This property can be used to find the eigenoperator and the mixed eigenstate if the 
Lindbladian is known without the knowledge of the precise description of the universe. 

Property 10 E is almost selfadjoint in the following sense 

Va, Vx e [/" tr„^ (p1,{x){Eix) - E{x f)) - (A.5) 

Proof: 

tvus{pE{E ~ E^)) = trnsiPEE-E^pE) 
= tr-H5(/:(pB)) 
= tr„^ tTnei[HA(l)E))UE\]) 

= (A.6) 

□ 

The foUowing proposition permits us to find easily the eigenoperators and *- 
eigenvectors. 

Proposition 1 For all Eo{x) G C{Hs) such that [Eq{x) (E) l-u^;, H{x)] = 0, we have 

H{x)rEo.A^) = (Eoix) + X{x)lns)rEo.x (A.7) 
where A S C and (jf^^ S Us ® %£ are solutions of the usual eigenvalue equation 

{H{x) - Eoix) ® InMo.xi^) = K^)rEo,x{x) (A.8) 

We can solve the eigenoperator equation by finding the subalgebra of C{7is) of the 
operators commuting with H , and for each element Eq, by diagonalizing H ~ Eq^I-He ■ 

Property 11 (the orbit of the isotropy subgroup of p"^ by Gx) is a normal subgroup 
ofGx. 

Proof: Let j G and g ^ Gx- By definition of J^, 3g' E Gx such that 
jg'PEig')^]^ = g'pEig'V- We have then 

gjg-' {gg'PEig'^g^) {g^r'j^g^ = gg'PEig'^g^ (A.9) 

Then gjg^^ G gg'Gx,pEig'V g^ ^ Jx- We have then gJ^g^^ C J°, J° is normal. □ 



Property 12 )l. is a solvable subalgebra of q. 
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Proof: V0i,02 e ji 

\rrn\^(^ *ii W *2i\_(Q *2i W *ii 

^ I *12 M *22 / I *22 A *12 



:¥ii *22 — *2l *12 





then 



VOi,O2e0i)' 

[0^2] 



*l\/0 *2\_/0 *2W0 *i 

ooAooy 1^0 0^0 






(A.IO) 



(ji)' = ^Oe0.,O= ( (A.ll) 



(A.12) 

then (ji)" = {0}. □ 

Property 13 E{x) e g^; 

Proo/; 

HE(I)E = EH(t)E = £^£;0_E E(j)E e kcT{H - E) ^ E e (A.13) 

□ 



Property 14 FFe assume that E is non-degenerate. Let U" 9 x i— > ijj^^x) G 
ker(ff(x) - £;(a;) ® 1«J and V 3 x ^ S ker(ir(a;) - E{x) ® lue) he two 

continuous eigenvectors, then ((/'"IV'")* G r(J7",P^) denotes the set 0/ 

i/ie sections of ). 

Proof: Since the action of Gx x is transitive, we have QC(kcr(H{x) — E{x) ® 

Iue)) ^ Gx X Kx- This induces that C{keY{H{x) - E{x) ® I-Hs)) = Env{gx®ix) 

(Env(a) denotes the universal enveloping algebra of a), gx and ix are operators Lie 

algebras which are stable by operator composition, we then have Env (g^ ® ^x) = 

C®gx®ix®gx^ix- 

3Xi G gx and 3Yi € ix such that 

i 

□ 
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Appendix B. Mathematical properties of the C*-geometric phase 
generator 

Property 15 The C* -geometric phase generator is almost antiselfadjoint in the 
following sense 

Va, Vx G [/" tr-Hs {PEix){A{x) + A{x)'' )) = (B.l) 

Proof: 

t'^-HsiPsA) = tr-H^ (Ape) 

= tr'Hs{{<pE\d<pE)*) 

= {{Md4>E)) 

= - idM<^E)) 

= - ^'^ns{{'l>E\d<l)E)l) 

= -tVHsipEA^) (B.2) 

□ 



Property 16 Assuming that p'^ is invertihle, then the C* -geometric phase generator 
is 

A" = \dpl{p%)-' (B.3) 
modulo a ]x-gauge transformation. 
Proof: 

dpE = -^{dpEPE^PE + PEPs^dpE) 

^{dpEPE^PE + PE{dpEPE^)^) (B.4) 

A is then a solution of the equation ([59]) like A ~ {(jiE\d(j}E) *\\4'e\\'^'^ ■ We have then 

[A- A)pE + Pe{A- A)^ (B.5) 

and then {A-A)(z D}{U'\ P°l). □ 
If is not invertiblc, equation (|58p can have several solutions, but we have the 
following result 

Property 17 Assuming that ker ^ {0}, if equation {5<$|) has some solutions then 
all these solutions are equals modulo )x-gauge transformations. 

Proof: The matrix representation of ||(/'_e||J in its diagonalization basis is 

|^2=f/^xP ^P-(--p) \ (B.6) 
where ^Pp^p is a diagonal matrix of order p. Thus, we have 

A ( . ^^"^ „ %xin-p) \ ^ i^^^^)^ (B.7) 
\ "(n— p)xp "(n— p)x(n— p) / 
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Equation (|58p has some solutions if and only if in the diagonalization basis 
of pe the operator {4'E\d4>E)* is represented by a matrix of the form 
Xpxp Opx(„-p) \ rpj^g solutions are then 

^ (n—p) xp ^(n— p)x (n—p) J 

V ^(n-p)xp'Ppxp L'(„_p)x(n-p) / 

where (7=1 ^pxp Cpx(n~p) J arbitrary matrix. By construction the 

associated operator C belongs to ja;. □ 
We note an important difference between the two previous properties; in the first one 
the gauge transformation belongs to j° whereas in the second one it belongs to j^. 

Property 18 Assuming that p'^ is invertible, and let A" = ■^dp'^{p'^)^^ , then under 
a gauge transformation = QP'eQ^ with g S T(U" , Pq) we have 



with 



Proof: 



= gA'^g-' + dgg-' + gffg-' (B.9) 



f}=\{pld9\9^r\p%)-'-9-'dg)en\U'^,P^) (B.IO) 



dpE = dgpEg^ + gdpEg^ + gpsdg^ (B.il) 

1 



= ^dpEPE^ 

1 



2^dgg ^+gdpEPE^g ^ + gpsdg^g^) ^PE^g ^) 
dgg~' + gAg-' + ^giPEdg^g^y' p^' - g-^dg)g-' (B.12) 



rjpE + PeV^ 



^{PEdgHg'') ^-g ^dgpE + g ^dgpE - PEdg\g^) ^) 



= (B.13) 
then 7/ e ^^HC^",^)")- n 



Appendix C. The categorical bundle and its connective structure 
Appendix C.l. Curving, fake curvature and true curvature 

Let = dA°' --A^AA" G £(^5)) be the curving and F" ^ dR°' - [^", i?"] - 

R" AR" & n^{U°',C{ns)) be the fake curvature. 

B"' ^ dA°' - A°' A A°' + F°' (C.l) 
Property 19 e n^{U°',Pp and F°' G n^{U°',P^). 
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Proof: By differentiating equation (|58p we find 

dA^^EWl - -4" A dWsWl = - tru.mi)) A (W^l) (C.2) 

dA^^EWl - -4" A ^"110^11^ - ^" A WEfM"^)^ 

= -irnA\drE))^idrE\) (C.3) 

B^W^eWI = A^^ WEfMn^ - ^^HeiWk)) A ((#11) (C.4) 
Taking the transconjugation of this last expression we find 

- trnA\df.rE)){{d.rE\Vdx>^ A dx^" (C.5) 

||</.^||2(S")^=^^||0^||^(^^)WAdx^ 

-trw,(|9,0^))((c)^(/)^|)dx'' Adx'' (C.6) 

Il<^^ll*(i3")^ = -A" A mill A" +trne i\drE)) A ((d0^|) (C.7) 

Then, we have 

B"\\rE\\l + \\rE\\liB"y = (C.8) 

^ e J72(;7",Pj") (C.9) 

By definition F°' ^ B" - dA" + A" A A", A" e n^{U°',P^) and B" e fl'^(U°',P^) C 
fi2(C/°,Pg"), then e 172(;7",Pg"). □ 
If is invertible, the curving associated with A" is B" = jdp'^{p'^)^^ A dp'^{p'^)^^ . 
Finally we set H" G ri'^([/",P") the true curvature defined by 

H" = dB" - [^",P"] 

= dP"-[^",P"] (C.IO) 
Let us now consider the gauge transformations at the intersection of several charts. 

Property 20 Vx e JJ" n C/'^, the curving satisfies 

= {g°'P)-^B°'g°'P 

+ {g"^)'^ {dv"^ - if^^ A ifl^ - [A", ry"/^] + x"'^) g'"^ (C.ll) 

wit/i x°'^ = [R", V"'^] 6 ^^{U" n C/'3) Uxix called the curving-transformation. 

Proof: From the gauge transformation formula of the C*-geometric phase generator 
we have 



then 



T]"P = g"^A^{g°'^^)~'^ - ^" + dg^f^ig"!^)-^ (C.12) 

dr]°'^ - f]"^'^ A f]"^'^ = g''^B^{g°''^)-^ - P" - 2A" A A"' 

+ A" A g°'f^AHg"^r^ +A°' A dg"^ig°'^)-^ 
+ g^'^ig^'^y^ aA" + g^'^A^ig'^f^)-^ aA"" 

+ A T?"'^ + A yt" (C.13) 

□ 
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Property 21 Vx G n , the fake curvature satisfies 

pP ^ (g"/9)-iF"c,"'3 - {g"'^)-\°'^ g"^ (C.14) 

Proof: 

= d((.g"^)-ii?"g"'5) 

„ [(g^f^y^A^g^P + d{g"^)-'g^^ + (5"'')-^"^"^ 

= {g"P)-^F°'g"''^ - {g"''^r\°''^g°'^ (C.15) 

□ 

Property 22 Vx e JJ" C/^ n J/t, ^/le curving-transformation satisfies 
Proo/; 

^F" - g"^ {x^^ + g^T^ig^'')-^) [g"^)-^ 

_;^a^7^«(/j«/97)-l (C.17) 
^70! _ pf _ gja pa(^glO'^-l 

= g''°'{g°'^F'<{g"^)-^ - F°'){g''°')-^ 

= -3^"x"^(ff'^")"^ (C.18) 

□ 



but 



then 



Appendix C.2. The fibred structure 

Appendix C.2.1. Construction of V as a non-abelian bundle gerbes: Let : 
^Glvnui^ — > PQ^ijcf^ijfi be the bundle isomorphism defined by 

"^P^P^lu^nu^^ r''b)=,9"^(^Pjb))p (C.20) 
where TTp/s : Pq is the canonical projection of the bundle Pq, the product 

between g"-^ {t: pn {p)) and p is the group law of ^(p) C GC{Hs)- 

G 

Let 5"^ G C°°(C/" n t/^, G) be the trivialization of g"'^, i.e. 

r^(^) = (C)-' oCf = (C)-' (5"^(x)Cf (1g)) (C.21) 
in other words, we have the following commutative diagram: 

G G 

7r-^(a;) t^pUx) 
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We define h°'^i G C°°([/" n J/'^ n C/'^, J) by 

^p^^plix), £.foe^'<oQ'^{p)=h'^P'<{x)p (C.22) 

in other words 

h"^''{^) = {Q)-\h"P^x)C(lG)) (C.23) 

^'^^ '^x Lie • ^ be the map induced in the Lie algebras by (the local 
trivialization of Pq)- We extend C" on the g- valued differential forms of [/" by 
C" : n*{U°',Q) -> 17*(f/«,P«) 

= a;,...p,(^)C,L,e(^.)rfa;'^^ A ... A dx^'' (C.24) 
where {X^j^ is the set of the generators of g. 

Property 23 is a chain map and an algebra homomorphism : \fa,b G f2*([/",g) 
dC{a)=C{da) (C.25) 

C"(aA6) = C"(a)AC"(&) (C.26) 

the derivative on n*{U",P^) = n*{U°') (E)m T{U°',P^) being defined as d(g)lp^. 

Proof: This is a direct consequence of the definition of the extension of □ 
We are then able to define the trivializations of the different forms : A" = 

and H" = (C")~^(i?") e n3(f/",j). 

The geometric structure V is defined by the 1-transition g"^ and the 2-transition 
gjj^clowcd with a 2-conncction (see ref. [29l [30l |30]) defined by the 
gauge potential A", the curving and the potential-transformation 77"^. Its 
geometry is characterized by the fake curvature F", the curving-transformation x°'^ 
and the true curvature H°'. All these data define P as a non-abelian bundle gerbes 
[21 HZl [Ml 1301 [SB) with the structure Lie crossed module (G, J,<,Ad) where 
t : J — > G is the canonical injection (J is a subgroup of G) and Ad : G — > Aut(J) 
is the adjoint representation of G on itself restricted to J (in the homomorphisms 
domain) . 

Appendix C.2.2. Construction of V as a categorical bundle: V can be viewed as 
a principal categorical bundle (a 2-bundle, see ref. [H [301 ISJ) on the left with the 
structure groupoi'd Q having Oh]{Q) = G as set of objects and Morph(f/) = Jx G as set 
of arrows, the semi-direct product (the arrows horizontal composition) being defined 
by {h,g){h',g') = {hAd{g)h' , gg'). The source map of G is defined by s{h,g) = g and 
the target map is defined by t{h,g) = t{h)g (with t{h) the canonical injection of h 
in G). The morphisms composition (the arrows vertical composition) is defined by 
{h,g)o{h',t{h)9) = {hh',g). 

The total category V is then defined by Obj(P) = UaPa and Morph(7') = 
Uq Pj ^ M Pg '^ith V{q,p) £ Pj Xm Pq t^e source map s{q,p) = p and the target 
ma.pt{q,p) = (C^^ (,))"^(g)p- The arrows composition is {q,p)o{q' ,Q^^^^^)''^{q)p) = 

{qq',p). Let M be the representation of M as a category, i.e. Obj(7W) = M and 
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Morph(A^) = {idx ■ x — > x}x^m- The projection funetor n-p : P ^ Ai is defined 
by TTp^^ = Uq '"'fc ''^v°'^^^(^'P) ~ *'^irpa(p)- The local trivialization functor 
i}" : X g ^ V\u-- is defined by = C" and ,9"'Morph ^ C|"[/=xj C" 

{U°' is the representation of J7" as a category). Finally the left action functor 
L : Q ^ Funct(7','P) of ^7 on P (Funct('P, 'P) is the category of the endofunctors 
of V) is defined by: V.g G Oh]{g) = G 

and V(/i,5) e Morph(e) = J x G 

T(hn\- MorpMT') ^ MorpMT') , . 

P:fxMPS3{q,p) ^ {L'}{h)Ad{L2;{g))q,L^{g)p) ^^■^''> 

where Lj and ig. are the canonical left actions of J and G on and Pq. 

Finally, we can note that because G/J is a group since J is normal, P is also a 
non-abelian twisted bundle [36j associated with the extension of groups: 

1 ^ ,/ ^ G ^ G/J ^ 1 
Appendix D. About the adiabaticity of mixed states 

Even if this is not strictly necessary, we consider in this section that the eigenoperator 
E is selfadjoint, in order to avoid unnecessary complications involving biorthogonal 
basis. 

Appendix D.l. The adiabatic approximation 

The following theorem shows that there exists an adiabatic approximation for the 
*-eigenvectors. 

Theorem 1 (Adiabatic approximation) Let M 3 x ^ E{x) = Eq{x) + 
X{x)l-H^ G C{Hs) be a continuous selfadjoint eigenoperator decomposed following 
proposition^^ and [/" 3 x ^ ^(x) £ T-ls ® T~l-s o,""^ associated ^-eigenvector. Let 
t ^ x(t) G be an evolution. We assume the following adiabatic condition 

V/iG Sp(i7-So® 1«,)\{A}, 

Vt/'Bo.A' S ker(i/ - Eq® 1^^ - ^I-Hs^-h^) 

X{x{t)) - ^^{x{t)) ^^-^^ 

Then the wave function of the universe, ipit) solution of = H(x{t))ip(t) with 

'0(0) = (j)'^^ ^^{x{0)), rests within the *-eigenspace associated with E{x), i.e. 

yt; ^(t) G ker (i7(.T(t)) - Eo{x{t)) (E) In, - \ixit))lns^n,) (D.2) 

Proof: 

in — = Hip 
dt 



d_ 

"di 
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with ?/» ~ Te''' -^0 ^o(* -0^ Te being the time ordered exponential (the Dyson series). 
We have then 



at 



dip 

m 

= OTe-''^"'/o^°(*')'^*'^ (D.4) 

^ if0L ^Te'f'-' Eo(t')dt' ,jj ^ ^.r^^-^n-' Eo{t')dt' ^ ^ 
dt 

ih^ = (if^o)^ (D.6) 

Let {(?!'£;o,A,a}AeSp(if-Eo),ae{i,...,dog(A)} be an orthonormal basis of the eigenspace of 
H — Eq associated with A. From the adiabatic condition we have VA ^ fj,, Va, b 

{{(PEo,fi,a\Ot\(PEo,\-b)) - T - (U.Y) 

A — fJj 

Sp(if^o) = Sp(iJ-i;o) with orthonormal eigenbasis{^£;„,A,a = Te''^"' ^»(*'''^*'0£;o,A,a}- 
Wc have then VA ^ fi, Va, b: 



i>Eo,fiM\dt\4'Eo,\:b} 



i'Eo,fJ.,a\iH — Eq) 



^E„.X,b , 



A — /i 

^Eq ,11, a 

A — ^ 

^E(-) .}-L.a Eo,X,a/ 



^ (D.8) 
We can then use the usual adiabatic approximation 

dog(A) 

Ca{t)4>Eo.X,ait) (D.9) 

a=l 

and then 

dcg(A) 

^(t) - <'a{t)(t>E,,X,a{t) e kCT{H - Eq - X) (D.IO) 

a=l 

□ 

The use of the adiabatic approximation is here heuristic. The study of rigorous 
adiabatic theorems is not the subject of this paper; nevertheless this theorem shows 
that if the operator H{x{t)) — Eo{x{t)) (E> lue satisfies a usual adiabatic theorem then 
the wave function of the universe stays in the *-eigenspace. 

Property 24 The adiabatic condition W. 1]) is equivalent to ~ (V<j 

where R°' is the remainder of C* -geometric phase generator. 

Proof: The set {'/>_Bo,A,o}AeSp(ff-Bo).a=i deg(X) constitutes an orthonormal basis of 

65 "Hf , we have then 

degip) 

1-Pe„,X = Y. E = lfe,,P,a))((0iJ„.M.a| (D.ll) 
a—1 
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R^lX^'\\(t)Eo,\\\ = tr«£((l - PEo,\)\dt<l)Eo,\jlWEo,\\ 

= ^^UEo,^.,a\dt(t)Eo,\)) 

X tr-H£(|0£;o,^,a))((0Eo,A|) 

- A // 



X tTnei\<I^Eo.f,M))UEoA\) 

~0 (D.12) 

□ 



Appendix D. 2. Some properties of the adiabatic transport formula 
Property 25 We have 

yt tins {gEA(t)p%{<t))gEA{t)^) = 1 (D.13) 



Proof: 

but 
and 
then 



^^^Hs{9EAPEg%A) = ^^Hs{9EAPE9^ea) + '^^■Hs{9EAPEg%A) 

+ tr-H5 {gEAPE9EA) (D.14) 

(jEA = -gEA{A^ + Vti)^^ - ih'^EgEA (D.15) 
~ A^x^pE + Pis^i" 

^ tr-H^ (gEAPEgEA) = - tr-Hs {9 E Aiv f.x'' p E + PEvli^)gEA) 

- ih~^ ir-Hs {EgEAPsgEA 

-gEAPEg^AE^) (D.17) 

Moreover we have 

Tl^i'' PE + PETilx^" = Q (D.18) 



and 

and since 
we have 
Finally we have 



gEA(l>E G ker(7J - E) 

=^ CigEAPEg^A) = EgEAPEgsA ~ gEAPEg^A^'^ (D.19) 

IffL]) - (D.20) 

tr-Hs {EgEAPEg^A - gEAPEg^AE^) = (D.21) 

^tr„^(.g£AP£ffL) =0 (D.22) 

□ 

This result is the parallel transport condition for the C*-geonietric phases: 
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Property 26 The parallel transport condition is 

I ('pce-C'(^(-)+"(-))p^(x(i)) (Pce-C'('^(-)+''(-)))'') =0(D.23) 



Proof: 



-^{9APEg\) ^ ijAPE + gAPEg\ + gAPEg\ 

= - 9A{Af, + iit,)x^PEg\ 

+ gAiA^.x^'pE + PEAli'')gl^ 

- gAPE{Al + f]l)x''gl^ 
= - gAiVt^x'^PE + PErilx'')gA 

= (D.24) 

□ 
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